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In this paper we describe all irreducible characters of the finite unitary groups 
U,(F,) as explicit Q-linear combinations of the characters T8 (see [l]) associated 
to the various maximal tori; this is equivalent to describing how the R,O’s 
decompose into irreducible characters. The main tool used here to achieve the 
decomposition is the “twisted induction” (see [6]) from Levi subgroups. There 
is an alternative approach based on [7] which, however, works only for SUE- 
ciently large 4. We treat, at the same time, the case of the finite general iinear 
groups, thus recovering a part of Green’s results [2]. Recently, Kawanaka [4] 
has obtained a parametrization of the characters of PI,(F,) for 4 odd; however, it 
is not clear how to compute the character values by his method. 
Combining results of Kazhdan and Springer on the Green functions with 
results of Spaltenstein on the structure of the fixed point set of a uni 
transformation on the flag manifolds, Hotta [3], Kazhdan (unpublished), and the 
first named author have shown that the Green functions for U&F,) can be 
obtained from those for GL,(F,), essentially by changing 4 into -q (provided 
that the characteristic is sufficiently large). This, together with the results of this 
paper, verifies a well-known conjecture of Ennola (for large characteristic). 
1. PRELIMINARIES 
a Let G be a reductive, connected algebraic group defined over a 
finite field F, and let F : G - G be the corresponding Frobenius endomorph&m. 
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Let W = WG be the Weyl group of G (see [l, 1.11) and let r be the Coxeter 
graph of G. F acts naturally on W and 7. 
For any F-stable maximal torus T C G and any homomorphism 0: TF + qZ* 
(Z a prime not dividing q) we denote by RTG(B) the virtual representation of GF 
which was denoted by RT8 in [1, 4.31. 
Given w E W and an F-stable maximal torus T C G, we say that T is of type w 
if there exists a Bore1 subgroup I3 containing T such that B andFl3 are in relative 
position w; in this case, we put R, = RrG(l). Note that R, depends only on the 
.F-conjugacy class of w in W (see [I, 1.61). 
We shall need the following special case of [6, 91. 
LEMMA 1.2. Let I be a set of simple reflections in W and let WI be the subgroup 
of W gamuted’ by I. Let x E W be such that x+W,x = .FWr . Then 
I ‘WI I-’ c Km (1.2.1) 
%JEW, 
is a virtual representation of GF. 
Proof. Let B be an F-stable Bore1 subgroup of G and let T C B be an 
F-stable maximal torus. Let PI be the parabolic subgroup corresponding to I, 
which contains B and let L, be the unique Levi subgroup of Pr containing T. 
Let X’ be an element in the normalizer of T, representing x. Then x’-rLIxf = 
FL1. Choose y E G such that y-‘F(y) = x’ and put L = yLly-l; we then have 
FL = L. according to [6, 91, 
j L” j--I c / Tf; / RTG(l) 
(sum over all F-stable maximal tori T in L) is a virtual representation of GF. It 
coincides with (1.2.1), as one easily checks. 
11,3, The F,-rank of G will be denoted a(G). 
For a finite group H, we let r5f be the set of isomorphism classes of irreducible 
representations of H over q, . Let g’(H) be the free Abelian group with basis &, 
and let < 7 >a be the inner product on Z(H) (or on L%(H) @ Q) for which & is 
an orthonormal basis. 
2. UNIPOTENT REPRESENTATIONS 
2+1+ From now on, we will assume that the Coxeter graph of G is a 
disjoint union F = PI U 1.. U r, where each graph r, is of type A, for some m 
(repeating on i). 
As F acts on W, it will also act on W; let (W)F be its fixed point set. An 
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irreducible representation V of defines an element in ( )” precisely when its 
character is constant on the orbits ofP on . In this case, Schur’s lemma shows 
that there is an automorphism of finite order 3 of the vector space ,V> such that 
P-1 . w . P = F(x) (2.1.1) 
as automorphisms of V; moreover, F: V-F V is uniquely determined u 
multiplication by a root of 1. We have the following 
THEOREM 2.2. Let V be as above. There is a unique a~to~~~phisn~ of jkite 
order p of F’ sntisfving (2.1.1) such that 
R(V) = 1 W j--l 1 Tr(u;F, V) W, 
WSW 
de$nes an irreducible representation of GF. The map V + R(V) is a bijectioaz betweert 
and the set of isomorphism classes of iwedzccibbb unipotent repesentatior,s 
Proof. The uniqueness of p in the theorem- fo!lows from the fact that 
dim R(V) must be an integer >0 and an integer >O ceases to be so if it is multi- 
plied by a root of I other than 1. To prove the theorem we may reduce (as in 
[S, l.lg] the general case to the case where G is adjoint, then to the case where F 
permutes cyclically the set of connected components of 1’ and, finally, to the 
case where .r is connected. In this case, F: is given by 
F(w) = w;“wwo” (w (22.1) 
where e = 0 or 1, and w,, is the longest element of It follows that, in this case, 
we have = (?%)F and that, if V is an irreducibl 
will satisfy (2.1.1). Using the orthogonality re!ati.ons for R,, [l) S.S] and for the 
characters of W, we see that the elements 
1-1 w;w Tr(ww*~, V) I?, (2.2.2) 
thonormal basis of the -vector space spanned by R,, 
It is therefore enough to prove the following 
LEMMA 2.3. If e is given by (2.2.1), and V is any -module, the eqWes&m 
(2.2.2) is a virtual representation qf GF. 
Proqf. According to an old result of Frobenius, the representations 
In I running through the subsets of the set of simple reflections 
in over Z. It is therefore sufficient to prove that (2.2.2) is a virxua.l 
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representation, whenever Y = Indwl,w(l). For this V, (2.2.2) can be rewritten 
as 
and it remains to apply Lemma 1.2. 
3. ARBITRARY REPRESENTATIONS 
3+1+ In the rest of this paper, we shall assume that G = GL,.@J with 
Frobenius map F: (gij) -+ (gipj)“” (e = 0 or 1), where (gij>‘r = t(g&r. The action 
ofFon W is then given’by (2.2.1) and GF is just GL7&(Fg) (if e = 0) or the unitary 
group U,(FJ (if e = 1). C onsider a pair (L, 8) where L is an F-stable reductive 
connected closed subgroup of G, of rank equal to that of G and 8 is a homomor- 
phism LF + Qz* with the following properties: 
(a) B is trivial on D(L)F, where D(L) is the derived subgroup of L; 
(b) there exists an F-stable maximal torus TCL such that L is the 
connected centralizer (in the sense of [I, 5.191 of (T, B ] P). 
Note that L is the centralizer in G of a torus (the center of L), in particular, 
D(L) is simply connected. 
Let P be an irreducible representation of WL {the Weyl group of L) fixed by 
F, and let i? Y -+ Y be as in Theorem 2.2 forL. (Note that 2.2 is applicable to L.) 
For each w E W, , we choose an F-stable maximal torus T, CL of type w (with 
respect to L) and let 8, = 6 / T, . Let 
R(G, L, 8, J’) = (-l)o(G)-0(L) 1 WL I -’ c Tr(d? V> $&Q,). 
WGW, 
THEOREM 3.2. lEtt72 t&e above notations, R(G,L, 8, V) is an iwedzmble 
GF-module, und all i~educible GF-modules are of this form. Moreover, given 
doted triple {L’, 8’, Vr) of the type ~o~~d~ed a&owe .w& that eiQw (L, ti), 
(L’, 8’) are not GF~conjugate OY wit& (L, ~9) = (L’, el), aad V f V’ in (~~)~, me 
hawe R{G, L, 6, V) f R(G,L’, 8’, v’) iB .%(GF). 
Proof. For any w E W, , we have R$w(O,) = Rcw(l) @ 8 (see [I, 1.271) 
hence, by Theorem 2.2, 
is an irreducible representation of L F. We apply to it the bomcmor~his~ 
J%cY of [6, 11 (where P is a not necessarily F-stable parabolic subgroup of G 
with Levi subgroup L); using that I?‘&.. (~~~(~~)~ = ~~~(~~~ [$> 51, we see that 
(G, E, 8, V) is a virtual representation of GF of d~~e~s~o~ >O. The ortho- 
gonality theorem [E$ 8] shows that R(G, L, 6, 
GF and that R(G,L, 8, V) is orthogonal to (G, L, 0, ST’> for 7 # V’ in 
7)*r. If (L, 8, U), (L’, @, 5”) are such that (L, (C, 0’) are not GF-~onji:gat~ 
n, for any F-stable maximal tori TCL, T’ CL’, the pairs (T, 0 j a?), 
(a’, 8’ \ YF) are no% G*-conjugate, henc 3 (6’ 1 alF) are ortho- 
gonal (by [I, 6.81 and, therefore R(G,E, a! to R(G: L’, B’, V’), 
Now let p be any irreducible representation of GF. By [I, 7.71, w 
an F-stable maximal torus T C G and a homomorphism 6: TF 
that (p, RG(@))G~ # 0. Let L be the connected ~e~tra~~~e~ of (5?> 
OL be the extension of B to I/ such that 12~ j ~(~~~ (see [I, 5&q. By fS> 8@> 
p is of the form &R&(v) for some irre b^;e LF-module w with 
(P, bzTL(@)),~ f 0. Then v (ZJ B;;” is a u~ipote~t me&don oFL” hence it 
must be of the form given by Theorem 2.2. It follows that there exists V i;z 
)Fsnch thatp = fR(G,& 6,) V). 
Editor’s Rote. This paper, received December 22, 1976, is a revised version of a paper 
entitled “The Decomposition of Some Lusztig-Deligne Representatior~ of Fir&e 
Groups of Lie Type,” by the second named author, received August 3, 1975. 
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